In this paper we study the Painlevé analysis for two models of chemotaxis. We find that in some cases the reductions of these models in terms of travelling wave variable allow exact analytical solutions. * Electronic address: yurova-m@rambler.ru
and it is studied in a large number of paper.
The case of positiveσ and nonnegativeβ is studied in [7] , [8] , [9] , [10] , [11] . However it is necessary to point out that the sign ofσ may effect on the mathematical properties of the system. So,σ = 1 means an increase of a chemical substance, proportional to cells density, whereasσ = −1 -its decrease, what changes the solvability conditions of the system [12] .
The review article [13] summarizes the different mathematical results.
The model with logarithmic φ(v) is actively studied too. For the case of f (u, v) = −v m u +βv the extensive analysis is performed in [14] . This survey is focused on different aspects of traveling waves solutions. Whenβ = m = 0 the traveling waves were considered in [15] ; whenβ = 0 and m = 1 the system was studied in [16] . The existence of global solutions is established in [17] .
In this paper we consider two one-dimensional simplified models with the coefficients δ 1 , δ 2 and η 1 are constants. In the first model the chemosensitivity function is taken linear
(1)
The second system to be discussed has φ(v) = ln v and f (u, v) =βv−σvu,β,σ are constants:
where the coefficients are the ones remaining after the replacement t → δ 1 t (and v →
We study the Painlevé analysis for the systems (1) and (2). Using the results of this analysis we solve the systems under consideration in terms of travelling wave variables.
Unfortunately, not all solutions can have biological interpretation since u and v become negative for some domain of variable. However we believe that they are interesting as examples of exact solitary (soliton-like) solutions for chemotaxis models.
II. PAINLEVÉ ANALYSIS END EXACT SOLUTIONS
Let us study the Painlevé analysis for the systems (1) and (2). It is convenient to choose the variable for Laurent expansion as χ(x, t) [19] , [20] , [21] , which is concerned with the singular manifold variable ξ(x, t) [22] as
and satisfies the equations [19] , [20] 
where
The substitution of
in the leading order terms of (1) gives p = 2, q = 0, u 0 = 2ασ and v 0 = −2. The Fuchs indices (resonances) are −1; 0; 2; 3, that leads to the Laurent expansions
In order to (1) has the Painlevé property it is needed that the three coefficients corresponding to the Fuchs indices should be arbitrary functions. However, this is not takes place. We obtain that β = 0 andṽ 0 and C should satisfy following two equations:
The second equation in (8) is the Hopf one, and its general solution has the form [23] :
One can suppose that if the system (1) has some integrable reduction to the system of ordinary differential equations (ODE), i.e. it has an exact solution in terms of a certain variable y = y(x, t), this reduction should be the same one that converts the eqs. (8) Now let us rewrite the system (2) in terms of function υ(x, t) = ln v(x, t):
The substitution (6) for u and υ gives p = 2, q = 0, u 0 = 2(2 + η)ασ η 2 and υ 0 = − 2 η . The
Fuchs indices are −1; 0; 3 and r 4 = 2(2 + η) η . The requirement r 4 ∈ N, r 4 = 3 puts on the restriction on the possible values of η. So, for r 4 = 1, η = −4 ("negative taxis"), and for r 4 > 1, η > 0 ("positive taxis"). Further analysis demonstrates that just as (1), the system (2 ′ ) has not the Painlevé property. For η = −4 we obtain that α = 2 and the coefficient u −1 in Laurent expansions should satisfy the equation
For η > 0 the Hopf equation like (8) has to be satisfied
Therefore we consider (2 ′ ) as ODE system for functions u(y) and υ(y) with y = x − ct:
and examine if it has the Painlevé property. Substituting (6) for u(y) and υ(y) with ξ = y−y 0
into (16) gives a similar result: p = 2, q = 0, u 0 = 2(2 + η)ασ η 2 and υ 0 = − 2 η ; the Fuchs indices are −1; 0 and r 3 = 2(2 + η) η . As a result we have that when α = 2 for some λ the equation for υ(y) (16) can be linearized. So, for η = −4 (r 3 = 1) the replacement υ = 1 2 ln F leads to the third order linear homogeneous equation with arbitrary λ:
whose solution is well known. For η > 0 (r 3 ≥ 3) and with λ = −σcβ 1 + η 2 we obtain that (16) is equivalent to the following linear equation for F :
that gives the equation for υ(y)
C 1 = const. However we can obtain an analytical solution for υ(y) only in several cases. To verify this, we rewrite (19) for the function Ψ(ς) = e 
A solvable equations of this type are presented in [25] . One can see that for arbitrary β and C 1 we have three cases with η = −4; −2; −1, that corresponds to repulsive chemotaxis anf will be considered in future. Thus for "positive taxis", that is for η > 0, we can integrate this equation if we take β or (and) C 1 equal to zero. The analysis for β = 0 and the existence of solution is performed in [14] . We can write the formal solution for the initial function v(y) = e υ(y) when α = 2 in quadratures:
For η = 1; 2; 4, or r 3 = 6; 4; 3, this integral can be expressed in terms of elliptic functions [26] .
When C 1 = 0, that means F (y) = 0, the equation (20) 
